Section 8.2: Integration by Parts
When you finish your homework, you should be able to...

m Use the integration by parts technique to find indefinite integral and
evaluate definite integrals

1 Use the tabular method to organize an integral requiring integration by
parts

m Recognize trends and establish guidelines for integrals requiring integration
by parts

Warm-up:

1. Differen’riazwi‘rh respect to the independent variable.
a./df(x) =Aarcsin 5x
v M

, 5
o e
0

b yjln(5x+1)

1
,9 ] % (Sx¥t)
Ax~ Sxrl
=
Ik SR
Cél"(@) =tan @
o
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2. Find the indefinite integral. |
arctanx 9 (X) = 7
a I [+ %
x°+1
J(arc:l‘amd
] FR

3lx7 9”“
g’ (%)= -;

§ $[ge0]gtieHx = F loe]#C

U= S"X’»%:va

dx
dx =~-dw

>: 2 2 () (012X 1

L—/?MI
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3. Evaluate the definite integral.

)I”/g b W= +anéé
L1 tan® 60sec’ 66d0 - du z
R - 6o
(0 d/e - beeoa‘
Sy du = ége(, £5do
= L S[u) du
(A
D o (o) = tan &8 1\‘
% uw(%) = 4anfe ]
= -l" - = fon 3WM
b 7 4= o
3 w () = faaled]
2 _,‘“ (I(Tn -(07 ) = +an0
) z O
N N O
g

/L\V\"Q{\)mm by !‘70.('('5 is based on the formula for

the d;gj ‘i‘rOk.‘\”l\lQ' of a 'm’bd ud’ and is useful for

.\\N\’Q,S\‘ ade involving products of algebraic and

_ﬁmﬁwnci@n&’aﬁl functions.
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Consider the following product of two functions of x that have continuous

derivarives u= F&)  ~N=gx) P Sudv = uv- fdu

dfu~)= vdy v Ik
déﬁ ) AX d

Sd(w) .-::Kj,d'\f *Vd")
uv = Su,d"( t s'\rdll..~

k

THEOREM: INTEGRATION BY PARTS
If u and v are functions of x and have aohﬂl)m4 derivatives,
then
Aoz UV - \vdw
Sud \

This technique turns a super complicated integral into Sl![)g\éf’ ones. The

ac ,
trick is to choose your function _W__so that _dx is é\m‘Q\ef
than ___. Oh yeah..and PRACTICE A HUNCH OF PROBLEMS!!!

Okay...let's look at the * Qgﬁg " types of Integration by Parts (IBP) problems.

Which types of expressions do not have basic integration
formulas?
Athmic
1. A0q ,[«m(\su,r\d,a,nﬂ'&ﬁ
Sunction

2 'm\lQ(SLW-‘S
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Sudv = uv - vaw
EXAMPLE 1: Find the following indefinite integrals

I4x In xdx -()nx)(ﬁ-x) 'YL‘ 3X > | u=Onx | Sdn= S"n( d»

dw _ L Al 2 .'i)(g
dX R 3
du = 9%,
%
Sud-'v - gy - jvde
- At
b. Iarcsinxdx =(MO$\\’\>{)X S')b ﬁ Evi\g\ar\
> -2 AV U= M(}mx
= 005 mL*ZlS'L("* ) dx \905 % ]
ke 5‘*",( 4 \rﬁf
Lo(\-
= yLarcsnr £ CL rC ot cp!
z ‘DD( fuil plan ¥ 2
= 'x,afcé10% riex YO 18P
,._,_/~/

u= afZ:él'ﬂi Sdv Sdv
du. V|

W
J 1-xX*
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When you don't have a ’h’ and cw«\dm&a\ factor, you need to play

. Oftentimes it works out to let

around with the in—\:e,f)\ramd

1 be the factor whose d‘e,r'an\'W& is a simpler
—f’ un &‘\j"\ o than u. Then _4~ would be the more
LOMP licaked remaining factor. Use __Penci | I
There is a lot of j[‘ﬂaul and __gC(oC --especially at
first®
**Remember: _0l/  ALWAYS includes _d
gMdV = WV - S’Jdlla 35")1;'7"1
EXAMPLE 2: Find the indefinite integral. Evil flan 959
1% p
6x - d X {9 Be
a jerx ﬁS(”p@ 7% w= bx SAVSQ d’(
7% Ly ) bdx) .-
-\"5¢ —-e/
= (o) -Le X 7 ) :\; b |V*
-1 p -1 -1 ~ = bdx
...-.@'YJL X T 75@ d"L17 duzb

"
|
W)

2

¢
{
{
Ny
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Cudv = W~ (vdw

1 w
5 Ixmdx :57005“)() Ax 16 S(_’afld%
24 dv =5 ‘
=9 ,—-(5'70 ) S<~ (5-%) Auu— axX ré—- -'9‘6‘5'40

15
- -?;LS—;S (3x+10) *C
'im?y
Sudy = wv - Svdw é,%glfg
. ~CYankdy 76
c. ,[xsec wdx = XA S-\'OLV\ Sd'\/ cSSU:L&dX

S%ﬁa&d«: e - (‘*RMCD%D ORI = fant

\x L

j’(/%(:’ztcbl:.‘% Long ¥ Un \coot

——

. ________________________________________________________________________________________________________|
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Sometimes, you need to use IBP mu\\jc\gje/ times. You may even

need to wm\oim like .\J\kﬁ%f 0'\;& (yes, you can do
=2 W~ \ardu
that)! Sudar = ua - i1 Plan
EXAMPLE 3: Find the indefinite integral. _ ) ;_\‘d,@ -\mig-aw
25 (2@ X -D90%hd R N PM Ol
a. 1] ¢ cos3udy = (Lo3BR) &) SQ e’ X | \kgindeols
% R
—%o Ao =-4 2S¢ indxdx W, = LO5BX
.Sb ¢o Iox e 8 !._Sz'/l - d“"‘s ~BsmuY dy
- ,-* - %46 = o
g_,xcb%?udX: ~o) coshs DN -85 ay & Aot (1)
—A
X _ A - ~* X A NER ¥
lWS -e,x(ﬂﬁgi'l‘bl- SR -l—qw
(S e brdn = o PEYE T 2 e+ | w2 S0
‘ " - z&& oy 555
eI Le 519 , 0%

AN

K
. SOW'L’SQ' dx
| - ;ssn%(D i-/c.\ o

. ________________________________________________________________________________________________________|
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/)

>, i €)
b. Ix2e"‘dx = (,f )(;—6’{) = S(‘ef)(’L?MX) Evil Plan

o P 18P 1.hmeH
:=~"X,6 ""1/] ;’X..(.v d)&l Uz 1, du"l %d%
; ~% X
: -,?e:"irz{“““"f)“&" dn)  faveltar, v 2
w27, du, = A%
. (L) G > x
'Y/b 2'7(0 ( d-\[.lf‘ej*dﬂ, V7 e

:EIZ_:(% FLAFTL) *;/J

1 X
Sv e ax
THE TANZALIN (AKA TABULAR) METHOD is a way of organizing an
integration by parts problem. Let's rework the last example using this method.

DERIVATIVES INTEGRALS ALTERNATE SAME-COLOR
. dv=e dy |SIGNS PRODUCTS
2
v~ B s
~
N =R 1T X
2,')2: \ ) + - X ej
<
%
1 X X

-3 1 R —X —%
Lo Ax +C

1
Ax = 2Xe
=(- 2 (X ¥2) ¥ L
Let's try to bring this all fogether...

\
\
o
%
)
\
(\\
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In general, use the following choice for u, in order.

1. Lek u egqual ¥2 o0y \legacivic of imlefSeA—ﬁg Sac tor

n
2. W= %

3. U = efw") a5 a corstant b is o corstont

ax ax * qx
**When you have _[e cos bxdx op J.e sinbxdx let _dv= e Ax and let

4= CD&&)X orlet _u= gmbx

**To evaluate a definite integral, first find the _} nite integral
and then back substitute.

EXAMPLE 5: Find the indefinite integral or evaluate the definite integral.

1 . vl Plan
a J- x arcsin x”dx f&T
Lnsides : smrcsmw A e

> 10X du= _2*__4¥
)Larc.sm'k S@ 1’)( = > ’ =%
2 (\,x ) ax (- jd\l ’SM’L

) = .LK
v Crl(-x) ¢ O
:%"Lqrbs\ﬂ% iy "t(« l)z' EV\\ P\“‘ M"
iy
. b _‘—» _ U +C/ LK)?-\-X.
= «‘7-/ X orcsiovh ZW s 2'1\0: ~4x?
LN
‘ .z L ¥ agesir +r el \ («Y] 8 bOdx = FgedleC
jfy,aroemw dx=(Z* ML LZO 57 l;_ )]
, , : )
e _L&(‘ar&smuﬁ/ﬂ-(w* ]
-7
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—X@

Jrlbe ’re, y G,

L “x\)

X
<

_r C

2« *

Y

gx)* =
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Section 8.3: Trigonometric Integrals
When you finish your homework, you should be able to...

n Find indefinite integrals and evaluate definite integrals involving the sine and
cosine functions which are raised to positive powers

n Find indefinite integrals and evaluate definite integrals involving the secant
and tangent functions which are raised to positive powers

m Use trigonometric identities to find indefinite integral and evaluate definite
integrals involving the sine and cosine functions

Warm-up 1: Simplify.

Y2
a l—sin’x = ¢©% % . 1—cos2x - 8.\ﬂ1—7(a
s ) 2
2 = Sed 1+cos2 2
b. 1+tan’x = S« X " c;)s 2wl T

Warm-up 2: Complete the statement.

a. If u=sin2x, then du=_7.(>3TUL O .
b. If u=cos4x  then du=-4SINY ¥ dyw.
c. If u=tanx, then du = Sec kX,

d. If 4 = 5606 then du = Q&cbX~\'aﬂb\<

EXAMPLE 1: Find the indefinite integral.

. -\A &) = Sinx
COS X 1z dx
o it = Jeome e 900 = Lox

/-
= (g ) NG
/2

J 1z +C
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b. .[Sin3xCOszxdx . \(ir:)( (] -5m )(7 g(M \

. 1
- 59lﬂ Leod RSN AX 5m>l 5m)4 wdw"
= §(1- ww

S(ws v<7S i d%(-D +§(cz>s X) sm»colxcv 1)

l'/_’_/_' 9lx)= 2o
- - ((‘./DSQ v Cw?;L) + C/ D’OL): ~Stnydx
>

’___’__’—‘\'

~—

So we discovered that if the sine portion of the integrand has an C@ ,
positive integer as a power and the cosine portion has any other power, then we

save DN sine factor, and Conver the others to

(o5 n factors. Then _ox gm and 'mke%i‘ar@a
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) = singu
§ 14)= Jeogla

(6in1%) (o310 ) 05 12 Ax
m
=5z ) (o) (o T )@s AR

[(sm'bq Uzs TRAR - 5(5'@2@5 Z,xd%]

C. Isin“ 2xcos’ 2xdx = 5

__l_
2

s

s “‘“?:‘)1*&

2 —— {Notes
Smsxdx St
SR = | = MY
.Smmx z % (l-cbéz“”)
cosv= & (1 +s)
55m¥du<= -2 A 5C

So we discovered that if the _ (D6ING portion of the integrand has an

odd, positive intfeger as a power and the sine portion has any other power, then we

save __AnNa cosine factor, and _ (v vei” 3[‘ the others to

Line, factors. Then EEOJ\% and i‘i\j'eﬂMb )
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(A-8)= AX1AB 6"

. 4
d. Ism Sxdx n

=%\S(\_ 9 p5 DR ) A%
s d®
=LS(1«-\’<@6\D>< v (@06 \D%)
* ; <<
Lb\dx - 4{eos \oxo\x"ﬁlzgomswx)o\x]
= )1. >

2 Ddx ¥
. -'\;[Sldx -Z SCDS 1O |

i 1 .L-;inZCD(]”C
[p- Esn 2 F T
H o +C
) ¢ Ly ¥ —=8nTox
= %X_Es\nlbxé—g 10 o
D J_gnzox ¥C

L (lax ;{ﬁcz:swxdx-w .

Fuil plop”
()& 55X
(X)) = BwsIxK
wepe '\
gvil flan 7

sinez sin '6x = (Bin5x)"

Costion = | Fcos2dX
Zz

9, (x)=10%

6‘(x> = O
(xpz ZO“
A

So we discovered that if only one sine or cosine factor is in ’rhg fr’t‘regr'and and

has an _4Ven , positive integer as a power, you use the go wex

formula

ced u,c,\ing_\)

Tz

l+ cosZA

(oo A=

: — 5 U
Smlpx’-l -3 z

or

until you can use

basic integration formulas. What should we do if both the sine and cosine are
cod + " S = S;ZU— sSmLw) - CSin"’K)"'ldx

raised Yo even, positive powers? > * |- Co5 LR _052% Yoy
Sg-mbgbcoé' R AN -_—.w-j( L“—-J"'D

S_s{n

. u

((sinx =50 % ) dx

1y (1= 5" )d¥%
ote . ..
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Nste:
§secxdx = ¥anx +(

e. Isec4xtan3 xdx
S §4anx ds = =hn|sosx |4
:5(3w ) Fon X aAx ) W"(’i:: goﬁu) -
= (et 0ol 2 Yoy % See, %A, | +han = Se¢ X
/”F/~/’—""“ Sec = \Hc:n“‘x
=54_ﬁgp_@*"\“ "5‘%’“\“ ok = $eCR-)
T¢ 3&) ‘\'am(
Y seC X
Iif g&)=
< (Jmmt? (oo "') + G ] ‘3: (x) = SECX T
—_ =
it am P .
fon % +on"?° + G Seat® = (£a<,x7
19 = gex)= Yo
6[(*) = g X
So we discovered that if the S@CGX\*" portion of the integrand has an

even, positive intfeger as a power and the tangent portion has any other exponent,

then we save /L ;’g,g@& factors, and convert the rest to
ﬂ:&ngbgjk factors. Then _mcpand and 'lﬁ&'ﬁ«‘\)mf &
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Evil Plom

T 3&):%?»(

. 1 1

- G B fon Sx ST ETS gt

= sacﬂyml 55 HontdA
3 ;‘,@;c\
= T ttv Av
2.

L (oS )5 5ec5% Fon5 . dx

3 J.sec3 S5xtan’ Sxdx

< J [g (sacsm"-Ssecsx%mwdxw}@o&?'592651@‘5@4]
- & 3

li (_Ca,c'5>0 _(s2e5%) \r 0,

°l 73 32

‘/— &
| S _Aogee”5% + C,
= SO TS

So we discovered that if the SQQOJF\‘&' portion of the m‘regrand has an

m« od pasitive
odd, positive integer as a power and the portion has any other exponent,

then we save a SM\T\" - _ﬂb%ﬁd'_ factor, and convert the
rest to SQ,CaX\’X’ factors. Then _%Pm_ and _']Qj:e_gf‘ ai“e.,
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il flan

oX
o fontu oy ey
= Lran” %3 dx 4 YortR =Sedx— |}
A 9(x) = +amc
5““ S () - 3
3 —]*an X Ay

S(,&..a,n,{?gSQO de

S(%anx}seo *dx - S@

- 5“—0\1\747 RC KOW.

=

]

BER

(QEkdR + (1dx

(Jramc) Yonx + % ¥ G

($

-5'-+an3x~+0~nx, + A7 QJ

So we discovered that if there is only a :Iﬂ,!)%ggs factor raised to a positive,

QVven power, rewrn‘e as ’rwo

W%[j factors, one of which is
d facte

squores

§q (AQS e , convert the m to SQC’_cm'\’

minus __| , and then _Qx_pand

and ‘zh;tegul CLfQ,
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. \W@ gvil plan
h. Isec3 xdx = S@QLX?SQL XX T6P aftes
$4C°%0 = Socxdany - Yianx Qe Ionxay, splitting ccant

Y 1
§0RaR = @rxtonz - § Sk San xdx o~ seon., dugsod

5 T
RUAAY = secxdpna-{sec (Sec 24173
j - S Sd'\l‘ :%xdx U= pelgY

135 LC?MX: SecrYony «15%2 X+ Ssec.xdx

o % quxbiﬂi L ke
y 4 (e radn + 1 {4CxA l“"ejmr&’

@S%%id; = secxtanR ¥ \5%&*0\ ¥
e Gt fses o+ €]

53@37«9\% = £ (gontond FAN \Q&X;H‘Omx,\)i— ¢, .

tane ] +& j
jgafxdx - Jiszgﬂyonxqb&nflsau{f \

So we discovered that if there is only a _éQCCH\'\— factor raised to a positive,
odd power, we need to use 'mj Lacssion by _2( 5

3
ond combine like 1&@%?&9\5. fjf fha 2dd power is >3, ﬂ&'ll
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If none of these techniques work, try converting all factors to 3in®. and

Lrvbiﬂﬂb factors. Then play around with identities.
EXAMPLE 2: Find the indefinite integral. Evil Plan
") —
. % 2x§;: S.\—o,r'\"rx,se.(’ﬁdx DTF 9&)= %cx
. sec’ x . _5 Sléx{):%x‘mx
- (S0 (,;M o a0
/"‘{"\
=(smt 1 —dx Yo & = Seo % |
——— ’ 1
We"R g but whan T
ex,w ol hawe,
3
o g akive 'm,i'e%er
- S&*_ L5 X g ;ﬁ_msby&cx
= Lead |
1 Z 3)0(0\"\\/6(5’
= (5in X cob 1o dX A% em’\b Jactot
kA 4 o girap ardy
=) Sé\ﬂ L <|"'5m ’°> cobaX cosned
. W\/@ \50613(

u
- § ccsondn ~$n o )

o2 5 ’Qm\m,r{'co;'x
= (sm2) _(%7_ FO v 10X
_bi — | .Ward/
-|JM X  snX ¥ G mﬂ’zﬁm’\'@
3 S 3@755‘(\)6
g ) = casx
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b.

J-sinzx—cosz X = g™ 2 VA dx - ceo e ez . dx Evil flan(s)
. o =i T 4 1
1) £5 $in p-abx= \-

35,/@-—' dv - Scosﬁdx NO) (i
e 2) Stk inko
L odx - Coogndi v'j AL Z Stoch onf
e v Sinco, ‘f;(
= ¢
- LR
) SS%MX 25@6 and sin1x= l«@;'x

,/—’_/, . .
:)xn \%x rrany l*?,S\T))‘ “’C)‘\ ond H\gt\éP\\‘\’

. ________________________________________________________________________________________________________|
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PRODUCT TO SUM IDENTITIES
Lf Z AQ\‘S"S'QVU\'\' amg\e,f; occur in the integral, use the following

sin mx sin nx = % ( 25 [(,m —n)ool"' cos kmw\) %1 >
S0 e COS % — .122 ( 5‘\nKm—ﬂ) T»} + Sin Em m)Jx )

COS MX COS X = ’\7’, (‘005[‘(1”'”)%1 ¥ cbg[(W\’nD]%>

You do not need to memorize these identities.

identities.

EXAMPLE 3: Find the indefinite integral.
~ - n LT
jsin 7 cos dadx :%5 (sin [ (7 ¥l ¥ sin L ﬂx)o\x

. gl flan
= _‘_.Z%'Ssln %m)(.’b,} )\l sin \\xdbﬁ% ?mduc,-\’ -\—D.
dun soleninhy,
Y E} (-— (pé{b@) t -\ﬁ (’605(“"))3*& 9,(1)= %
) S~
9, (<)
\ |,
_| - ,‘Z tos %A - ‘Q’:LCDS % +C A, 1) =W
3; ()(.) =\
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EXAMPLE 4: Find the area of the region bounded by the graphs of y =cos” x,

=sinxcosx, X=—— and X=—,
Y 2 4

A\

NETS

k|
ol L v A
A Sy T Y
s B0, Y
ps B, Y

23
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Section 8.4: Trigonometric Substitution
When you finish your homework, you should be able to...

m Find indefinite integrals using trigonmometric substitution
n Evaluate definite integrals using trigonmometric substitution

2
Warm-up 1: Consider the definite integral j_z Vd-x"dx po you have the

skills to evaluate this definite integral? \366 !

What tool did we use in Calculus I’> m?)rr\/h !
o N )
gy M- > ‘5 24X X i
Moz B0 T2 o T
Z, =
Z )
, > 7
5 Y-x¥ dx= 20
-2 | a
Warm-up 2: Complete the figures. '
a. u=asind — sNnd =%
A
du = acrs6 dd o "
®
So, \/az k= \i a?'w(asme)v Aazu*

= N2 (1-5w"3) . LCDSD
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W = OX Y,
b. u=atanf —¥» +and= " > 8 Fun 5

%
2 YW
&

So, Va'+u’ = {a*  (aton®)” .

W
c. u=asecd —» 3cO = -

So,m= m
= [Feec® 0"
- {a*(2ce-1)
= {aZfan?d

atan®d

{1

atan © foru > a, whereO£6’<%

Ju?—a® =

T
- otand for u < —a, where 5 <@<r.

L

CREATED BY SHANNON MYERS (FORMERLY GRACEY)
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NOTE: These are the same intervals over which the ¢ 8IN%

a\’CA’aIS ent ., and 4?6%0-”\"' are defined. The

restrictions on _ P ensure that the function used for the substitution is

DD  -fo-_XR . du, = 4%
W, ° A

EXAMPLE 1: Evaluate the definite integral.

an adv. -\[' > azt
Rt A= = 26in® ->

= 265dD
du= 206 Bf

S o = StmsBresedt - Coeesnd
Z du=dx W
= 4 (o5 849 s 6 ¢
Y-u*
2 —
= Ll’s Ltﬁe‘ézzz/ e a—u- = Zv(Z.Sma)

. 40
=2.4(1 rkpszzeb

= )
,ZZS\ae " ‘zywéwdel e
] = 1005®
Lsin@2@
S 2&9 Fgsn@2)}r G gl =29

5‘0(05\“& ”,li i&n@coé@:\*’c’ geo=2
- 2},“05”‘7* + "‘ LhiM u 14—0

s’ + A5 | .
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(
N~
S
D)
3
|
-‘—-
*& <
b 8
(
l
vi

1

H

i(a,(oém -y

-7 (amsim - arcen -0

< 2(%' <J";7>

:$CW7

v

g

o

r'—‘z.
So we discovered that if the integrand has a A o and no basic

integration rules, 'ﬁe’e , or regular k'tsonbw\zf\’l & integrals

work, we use the substitution __U = 6S\a® pr ) = a6\
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EXAMPLE 2: Find the indefinite integral. E\ft\ ?\m Og_p&\\

S 7 sy doasn Fuvk-
16 o \) Posie SUub dosh
o [ =SS ax 15 $8P doanitsmn £

male iY easiel

]
©
=3 j:[ﬂ;n/ce— Chyspiontse) 3) Aria $8- D-akse ¥

. SLIA
_ q§+an 54ad Sli= % = U5eeB 56L0° 5
d % = Y20ch+ondde

. wj (5@36’ )d®

il e
_y[rane —0J¥C o

; [Eﬂ’f’;‘zva(csec-q‘l{—c B oS

- (o @oe-1)
> Nomio

s Ytan®

@Tﬁg.nﬂqgﬁ

Jon*o s 87

(<
.4

]V‘
o’..'

(
=
o
K
=\
atn
(3

So we discovered that if the integrand has a \U =G or L)~ @nd no basic

integration rules, j/b( , or regular *H"bgolf)(f‘@fﬁb integrals

work, we use the substitution WS 050D € F(X) = a8e<S
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dy Ewvil flon A‘%x

I~ \— = -

b. jxm Y2 Ya{tree) Q’(:’\%Sub. +:::\M
. {se,fede 0=\ Sa=| o
dj(ig-)fune)ﬁe/@ ':960: 2% = H‘Oﬂe)ﬂﬂ’\az‘\’
_ 5,5@0 -d@ 2051 tan®
T Jtan®

3 (‘yféde
“5/9 5ind

:5 (62O d6
- _ 8rekd| ¥ 2
B AN |~ W
z 2 1+¢
=«m[f£;*if‘~*z,<\*’ = {1y 1@
:(? Ll»,_z@”/*@)] - (5
= L8
" l‘;TcT;‘v {QJ 1) Usad ('mtf\’bm»a‘md
l %ué')’\eﬂi’cdmﬁ
Yo wnte \“iﬁfafd
!l ( e »vC/ i Sefine of <
V ‘b( and DS
Lv.
xS
So we discovered that if the integrand has a m of and no basic

: : < ?
integration rules, __\ v, , or regular %ﬁjﬁ)ﬂﬁ’ﬂ‘z*flo integrals
work, we use the substitution _W = o.‘\'ane (2,3 'f’()() = o fonS
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£l Plan

7
x? A dA
c .[ 2x_x2dx .::\()Q = b(...\') OC&W\)IQA’B 'K‘R,W
o erup 'ms. LR

SO*SMQMAQ) (k=R D+

%9 5‘_(7(._‘77'

‘ 2z
:5(\¥é\7\9> a9 :L\)L-(,Xv\)?/
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20N 2‘-/‘.

| = |5n8) S109=
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=B~ 20060+ £ §ld0~Z ez
~1«,s\‘aze +C,

:9«&059 T '7)59
’ o= (x-1)"

c25_ - L sinpeso v,
.,.,9 726260 sin® ‘
% L)'= ()" = \(i-aémé)"
a(CSln <X-'\> Z‘]\ C)H L %=\ ﬁ:“"""Q e < {Tﬂ

\
\__\_/ = {¢6°D
‘=Earos'\ﬂ6%——l7 - LG vi‘-Zx«DJT-’&:r " oo
— s 2) Argebra > exponds
< éarcsinéﬁ“‘}{t%ﬂ (2 ¥ V)| phe sqpere
q) Use ?pml' @lxm@
,W{y an M 6

2. e
:Wa&iﬁ (1) =)= (x- 0"(3")0)
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EXAMPLE 3: Evaluate the definite integral. Evil Ylar

G/ _ Dré;aan}ze/ that
0 (1_ )/ we have &
éq/mréw""‘“\
d€ (L
——==\ a%- (§(£))” WONE
S(F‘:?) S (ases, %D&‘)W
! o Z)/fnﬁ Subo |
. (e£2ds 21, 5) =t
(4o2®) | &
t = 151n9 508 ° i
= | see "5 4B b= cosede

1
2 2
= ( cor, 520®a® A

'«S(Wran@”‘“@ = . [Femo
r—m/

2z
7
= 593&0‘9 ¥ 5(‘]'0\“@),de 2Lt
3 Y P ol
= +and ¥ C-\-Qn@) y G )4’(5 “\*QS
—3 k) gle) = tand
-1—_. ry & 3(®) = e
J—T.:-’/ <“r:?> . t—,-“ﬁ/z
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SU 2£) Shv (ﬁ? 3 (,_,t>5)1/ oo
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Section 8.5: Partial Fractions

When you finish your homework you should be able to...
m Review how to decompose rational expressions into partial fractions
m Utilize partial fractions to find indefinite integrals
n Utilize partial fractions to evaluate definite integrals

Warm-up: Find the indefinite integral.

e ' Evil Plan
I 1 o SC)(’“ <=1 >Ax — it
V\Q\Dﬁ*lﬁb‘ﬁ\\kb.\ﬂs

L. C A l |+ \ Ao Yo
2| < = AN U 9”“’5-
2.% _,___,_..' 1
Sl 2
(=) )y o = |

~(2-%) |
-

. ________________________________________________________________________________________________________|
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(CASE 1) O HAS ONLY NONREAPEATED LINEAR FACTORS

Under the assumption that Q has only IlQDCQ? 2o ed linear factors, the

polynomial Q has the form
K%)= (K= dlx-02) " (x-0w)

where no two of the numbers _Gu, 39 »--,%n are equal. In this
case, the partial fraction decomposition of __ is of the form
Plx) A, A A oy A
&CK) K-y 'X"'O‘-L A—Con
where the numbers Al 2 pSu A n are to be determined.
Example 1: Write the partial fraction decomposition of the rational expression in
the integrand, and find the indefinite integral. | -1 Mastt, 20
| 2 = LA e 1 t fﬂ‘h’ok\%ﬁbfd»
03" —1 (%*\)C&m) _2 R edndaioe et
z x,. Cﬁ)(i’ \) -

72 = A,(ﬁ)(.ﬂ)-l-
Evil Flan

?\euoﬁ’re/ \ﬂ’\’z,

= -“5 <,Qv\ \?7}.4\"/?1\ |3x+!
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(CASE 2) O HAS REAPEATED LINEAR FACTORS

If the polynomial Q has a ___ (’ Q/&(M 29 linear factor, say

LN

(.X*’O"> ,_h=2. ,hisan '\n‘\‘%(f , then, in the
partial fraction decomposition of ___ , we allow for the terms
(A

f-——) - A- \ -ﬁ"L/—i -+ ﬁ\_/"\

A&W) ( x—ou> (x-a) (x-<)
where the numbers A 1) PSZ) AR An are to be determined.

Example 2: Write the partial fraction decomposition of the rational expression in
the integrand, and find the indefinite integral.

(352 S ¥ >o\x Enl Yoo
X- (X-2¥F ‘ o W Cowld do o bosi U
1 N U-Sp and (e ie
:5)nlx"2‘\+gg~('r’2 +9 Yhg Br-Z 1N U,
_ y O WAzrms dFu .
(Qﬂ I(,X 2-‘) \ )(vl /J . m)u;&% ?FD %
4

Y ST A.,, .
W (x—z)
O3~ _ _ A (x-2)+h

(x-2)” X-2)*
5x-7 = Ax-2A + A
G227 = (K2t <"ZA‘*A7’>
A= 5
[; —zh A E 2
~2(3D) thrL =L

‘-‘g 34
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(CASE 3) O CONTAINS A NONREAPEATED IRREDUCIBLE QUADRATIC
FACTOR

If Q contains a _Qaa@gmi’_ed_ irreducible quadratic factor of the form

1
ax ¥ix Y& , then, in the partial fraction decomposition of

w2y , allow for the term
Pex)  AxtB,
BLO) T Ak rbrte

where the numbers o o.nd @, are to be determined.

Example 3: Write the partial fraction decomposition of the rational expression in
the integrand, and find the indefinite integral.

J’6_xdx= bX _dx £xil Plan

X -8 B-DUXT+LX ¥ 4) ?ED \ e

=X + L

= f_}i ¥ K x4 4;60 )(‘;,‘7&%*.':\ " A C A‘z)('\'b

= a]u-2| - x’iiztf:"" g'Las? BR)axed) k2 X
- _2 |l ) g b AR O)(x-2)

bo [x-2] 1‘57:""*7**"1 §W (x-2) XYY (x-'i/)u'“nxw)

v bx= AX -I’ZPs\X sy +A94 *QK%\

55/ - A S
¥ (ﬁ]ir(x%!) A%Ps o_>Ar A,;»A A

. ’Lk "ZAL‘l’el
= AN ]xfz/\“ o {lx* e ['.,M,‘ -8 vaéw
\
15 (Foreren =) ¥ © LA2LAYE P, BT
b =0
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7%?.-._ —— fpdfc‘\'dh“"'_'+ J s20))=2
L [ & +7,>¢+‘41\+ = B /




I

(x+1) + 3
= ()(*\71)"(8?7
=(§z) + (V)
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(CASE 4) O CONTAINS A RESPEATED IRREDUCIBLE QUADRATIC FACTOR

If the polynomial Q contains a ['g,‘zga\,afe,o\ irreducible quadratic
v n
factor of the form( axX v bx ¥ C 2 ,_ns?% ,hisan

Y “’-6?\)2[‘ , then, in the partial fraction decomposition of %

allow for the terms
P _ Ax+b Aoxy B, oy htbr
&Cx) (axxbptc)' Cax”“»rbur@ b vbite)

where the numbers A, Pgy-er) A ard $%,,-.28n __ are to be determined.

Example 4: Write the partial fraction decomposition of the rational expression in

the m’rjgrand and evaluate Th; cie)frl;re,fl&\;f egral. Evil Q\on
X 3'6(7 =X YeD
J°( +16)2 ) ‘ E (o *“’7 * oy
v
,W“@ b 2L Y /éﬁ}tﬂ A€
Z (" ()" (k) (v

v llg (e )
{J—Z%]K Hb\ b ( L{% "8 - A;*ﬁ,x-ng,ps‘xﬂbﬁi—ﬁs,x +&,

mbv (X Hle )"

$
s gty 2 \ .
=12 ‘; l%+0;+ax+o :(AJ:.{—C&)X“’(“OA\*A-’)X*("’%*B)
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Example 5: Find the indefinite integral.

I S5cosx dx

sin? x+3sinx—4

- 5wspbd>< _
wFou - A

- (_2de _—
S(u+4ﬁh )

=57

y — \du

u+% Uu-

p—

= u- ! \vC,
A \ uiX
- Hﬁm%\rﬁ
&IN%

Fvil flon

)) L@A’ w= .SIVM
dw = oSRA %

fFD l
Z) N\ s

¥
5 A +A-,,

)1

o — In Juet| +/?n]u“ |+ C

Cum'?(\n;l) T d . oo

5 o A uA ¥ PW wtYh .

Cui—ﬂ)ﬁvo
au_\_ 5 = CA\ ')'A';,)u. ¥ (,"' lqu7)>

t A, =0
5hA; = O
o |

A, ¥

|t
-

—
-

+\
&,
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Section 8.7: Indeterminate Forms and L'Hopital's Rule
When you finish your homework you should be able to...
T Recognize all indeterminate forms
m Apply L'H6pital's Rule to evaluate limits
T Manipulate expressions so that L'Hopital's Rule may be applied to evaluate
limits

WARM-UP: Find the limit. It is okay to write oo as your answer.

0.5 - | i . : W
. hm\/}—3 o {;13 % ndefermindle jorm .. %J

x—9 x_9

pmRE-3 K3 im x/‘\
AP TR G5 x,-achmv(rfz)

A2 X ¥d
3
PSS s |
2 > @
- 0
2 limX X=X gim x> -1) - 1Cx D)
N el (x—l?éer

_ Xm@")(}/ )
2> @/mxm

B o (/O (x-1)
¥\ M"

)
= Jim ()(vl)
%>

G.
Y212

ir
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o1 1 (ks

1 . (A FAR
Q?’/; 3. 2 (et Ax) x (xt&%) _ im %= (A FAX) .
>

(& bxvo %
Yo - a8 -
- W — .
% psp X rrsn) A‘,&
. _
ot &lm — =
V.S _
2 (A +O)
_ \
P - -.;,b
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5 liminx = @ A
x—0"

VvV

6. limarctanx = o
X—>0 Z

- L___’/ — i - — =~
] :f--_

7T lim Si;“ - i Jim S4X
x—0 X 'ﬂ%é ’/‘)( \-

= (1)
daﬂ P ¢
i@ 5?%{0 m

2 ] \
S =0 X+ XCOSX 354
% 1 % (W) Aim 1-co3D

2 e
. >0 8 -
clm V=S
A20 2
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What indeterminate form did you encounter in some of these problems?

@)

"

(o
What skills did you use to get these expr'essions into a determinate form?:

- owlt by ™A common doraminodol

LA |63Q/b(‘0u — (aXonelize nuneeddr”
%cbﬁnj

2. ijmPhihj

3. SFQC:W*Q Tﬂs Lmiz

L'Hopital's Rule

Suppose f and g are differentiable and &'(x)# 0 near a (except possible ata).
Suppose that

limf(x)zO and limg(x) =0

x—>a

or that

limf(x) =+ gnd limg(x) = Fo0

xX—>a

2

meaning that we have an 'Jno_laﬁgm': D& formof _9 __ or

Then J\m S’Cx) .,Q\ﬂ’\ 'fb‘)
XD a Soc) xnéa.j Cx)

/!

If the limit on Th oX15tS oris X o -

g
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*What should we check before applying L'Hopital's Rule?
1. £ and ; are Mﬂ)_lenear G, and
2. g,ulfo near _Qo .

**L'Hopital's Rule is also valid for _(ng wsideob limits and for
limits at = ¢ or @

***Let's look at the special case when / (a) =& (a) =0, /" and g’ are

, \
continuous, and g'(x)#0 \f/q\,
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Example 1: Determine if L'Hopital's Rule can be used to evaluate the limit. If
so, apply L'Hopital's Rule to evaluate the limit.

Jx =3 1;& i cﬂ'((va) .-

(oY lim = e — \
Q/ a. -9 x—90 xaq - S _ -
D x-q
2 32)( ) 242
= Jry e -l L
% DG | A
= Aim L
x>q %

Y N
o b imE = g ROHoxr )
.6 © x5l x -1 Lé\ i()(?/’(:)
> ax.

. Y o752=\
= i BXZ2XTS - =

Y L% 5
0‘5. 'L’ ‘7/1 v‘:‘wl
Sy 20

2¢1)

5. .. Jim ST4X ‘f)(m Y cosUX
g/ x—0 X %éo_ __$/-“

°
) S,
V2 yeostior]

= Li(l)

(4]
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. ) .

,Q_S/ . l—cos’x %vaﬁ:&éxg(“-s\n%? _
D d. £1I>%x+xcosx Jv(;»() \+C\c,0$>¢+><(—6\nx)>
O

= im ZcasxaDX
%0 | y(oSK =S¥
ve'zaboﬂnd
| ¢ 060 = 00
.. 9
T2
!

V2 o imE S fim A
» ¥R AR
(Ve ]

- jl\m 7/_6/{
e
Q' g2
n

= 300 VX
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Indeterminate Forms

e

We already know that o and

+ <
oo

represent 2 types of

300&:@[@]@ forms. There are also indeterminate g;c)duc_i§ )

ditferencoo

, and fm_xsz

Indeterminate Products occur when the limit of 1 ‘Fad'&r
O ___and the other factor approaches

J{m SCX) =R

MO () =0

andﬂ‘éw

approaches

< or_—0S  Suppose

CIf JC‘ prevails, the

result of the limit of the oYe \ ¥ &

victor, the f,Q'\m.rl'

of the product will be

, The answer will be some f\‘ﬂ.l“'z

is the

willbe O If a
J
oS

. If they decide to sign

el

number. To find out, see if you can [el&)sjj@ the difference into a

a_Heatw
v NJ
auotient S.
2 D
Example 2: Evaluate the limit. v *
, oq
Q-g/' a lim\/;e_x/2 = dim ___/Jf
C o >R 67()7,
o0 - O
_ 1
lé&&\m Z =
Rz
K> Zze
0m -’-!—xr
wote e g

02 @
z
s.
ne- .
DLAP. limsinxInx - Do An+¢
0 x23xt ek

W
%S0 mx

: _
=Jdm _——-
x>oF RLecratX 9

S v3
Sl —gmdmnX
x>o" T X

% Qe — oA IANK -5 LY

7<,—>p+ !
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0o~ X0

Indeterminate Differences occur when both limits approach __*@

Lt o) = o< dn gle) =00 ¢
Suppose and X & If prevails, the

result of the limit of the d]ﬁﬁ(@% willbe R Tf < is the

. (Fferenca
victor, ’rhe.j\m "+ of ’rheﬁ%ﬂﬂt‘r will be = 0 Tf they decide to sign
a +(gd1&j , the answer will be some f‘lnﬁ’@ number. To find out,

see if you can __u>cviz the difference into a qpuot?er\if’ by using a
Ao denownads” '\’Y‘iDo wen 1’:+3 , or f%'fofl}‘ls
out a AV IED ﬂt@[f_—.

Example 3: Evaluate the limit.

a. {Cigol‘(cscx—cotx):gim _‘S‘(/n.;_(ﬁ,‘é‘(&_ b, li_l)ll}[ln(f—l)—ln(xs—l)]

S.
2%,

< R‘m | —¢os = o
—_
X" nx
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[qe0)]

Indeterminate Powers occur when 5’(7(') . There are 3

indeterminate forms that arise from this type of limit.
wn = 1 -
1. %3 76) =9 and _52_‘_§A 37 =0 . This yields the inderminate

0
form 9 D
s - M @lX) =0
2. ‘5?}-7@, &)= » and xeaLB / . This yields the inderminate
O
form _ % :
e = i =
3. x P ) =1 and Lﬁ% ¥l =w . This yields the inderminate
°Q
form __| .
To find these types of limits, see if you can take the nadual
_\Q b% o Yom

= Jn MP = pdn M

L] o Anx
5 - 6}1\ ¥(x) o =y
Example 4: Evaluate the limit. N
. 9- . In L
o (i a) V7 b tim ™ = m
74 a. xl_l)l;l) +; x—0 7(,‘?0*
bR
o : X dn R
— - )
\Qﬂ%*{’r(ll'\- ><,> e f-‘-;nb“e’ Zo,(,n
& .
\.,ané = px dn (,“’75> v ;&;’;’c& dnx _w
= o<
.,?Wn Q = dim bX.LY\ (H’ %)9 e’, nX v
$—> 02 Y x> @ ¥ a@;mr Vez
)
= l ) ’ /
I 2 (B 222




1

ob i -——@*

K> Hﬂx

— (Lb(‘7
:a/b
Now;
“inﬁ = ab
b
e =Y
b X 0,‘0
An (v %) =g



Section 8.8: Improper Integrals
When you finish your homework you should be able to...
T Recognize when a definite integral is improper
1 Use your integration and limit techniques to evaluate improper integrals

2

WARM-UP: Consider the function f(x)= 3.

X

1. Graph the funcfig&) 5 ‘;%‘“' 18 ira, but

20l §

.........

2. Find the limits. It is okay to write *o0 as your answer.

.2
a. llm— = 09
x—>0" x

b lim= = O

X—>0 x3

3. Evaluate the definite integral.




Let's put some stuff together®©
Recall the if a functionis _non T\QC\OJH‘(Q' on the interval L“‘/bj

the dé_-}l’n’) o integral is equal to the ___ Qs e~ under the
cu’ve and bounded by the £ -0, 1=, X=b Also remember that a
function is said to have an infinite _d iswanquJ\ at __& when, from

the %\'\\’ or the left,

A G = T e UM o) =
> A XD

TYPE 1: INFINITE INTERVALS

Now consider the following definite integral.

roidx :&{m b_?:_d){:.gl:mo.,_li?:lso y
Ly powd A% by b 4

[

oW s Oy
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Definition: Improper Integrals With Infinite Integration Limits

1. Suppose f is continuous on the interval from [0, % ) | then
b
fwf(x)dx: Dim  (Fex)dx

b*)OO v

2. Suppose [ is continuous on the interval from (-, b] , then

b
[ f(x)de= DM 0§ )
= >y -0 o
3. Suppose [ is continuous on the interval from , Then

b
C o

- hn F&dx ¥ § §00)4

a»-w0 & bIwC

C 0o
[ f(x)agp SEIh ¥ é-FLx)dg
_ and / o1

—00

where __ & is any real number.

R

In the first two cases, the improper integral Co'm/a\"gcs when the

Qmat exists; otherwise the improper integral _dive{ 365 .In
the third case, the improper integral on the left dives: = when
either of the improper integrals on the €l 3\0" diverge.

. ________________________________________________________________________________________________________|
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Example 1: If possible, evaluate the following definite integrals and ascertain if
they are convergent or diver'gem‘

a o m Sv’» ax

IR ' X W

S T TN R S o R e

......

_9\35, % Sum _.;-f:,, = * 7.

......

w=b ] |

_ dim  loydan 4 QN larckan}
m\)-—m’b v it=o ])"500 2ix=a

%c(olnna ~ m a\’&‘\'cm&) ¥ (&lm afc)—(unlo - afCen Q]

T AD-0e

lo--2)) +(E-2)]
L (T

-
=

—
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TYPE 2: DISCONTINUOUS INTEGRANDS £vil flon :

Now consider the following definite integral. TEF |
~ /2
tIn x w= Inx favx ‘}21%
J NP du= odw  v= 2x

¥
(merdec : S Jaxd
. V2 )
= 9Ix ,anvZSx .z d%
) '\/zd
c 7x k-2 9% o

\ Y
= 20 Mo 124 +G

= 74X (Dml _2) +C ';(ﬁ%
‘ Co
InX o QoR
é”m 4% a—»rg*;ﬁ’ dx

. x=\
= Jim. 2. (o -2)l_,,
17

]

e

X Sz (e -2)
a>DY

. (Qnol-2Z
.

c N —T

a>d Nr?

(¢

N
/‘\.
‘\\

|

o
-
R
=
3

\%

&cﬂx BNV

ry

yo -4

e




Definition: Improper Integrals With Infinite Discontinuities

1. Suppose f is continuous on the interval from (o, b.l , and has an

infini’re_gu_ﬁmﬁaggd;%_a’r “ then

b
ij(x)dx = /Q‘.‘m“_ S §¢r)AX
re

2. Suppose [ is continuous on the interval from ioh b) , and has an

infinite diﬁ(mﬁ%l% at _ b then

&
jbf(x)dxz L S F(¢)dx
¢ b> C,‘— o

3. Suppose [ is continuous on the interval from [_a. ) b] , except for some
€ in (LOLL]’) at which f has an infinite Ais;g‘v\jmi% at
C , then

¢ . b
' Qi ( F&)Ax
3;:} 2 §odax + I § )

In the first two cases, the improper integral _Conwerf %@ when the

iy exists; otherwise the improper integral d\.b@»r?fo .In

the third case, the improper integral on the left ji\/@\’%éo when
either of the improper integrals on the ﬁj}h\, diverge.
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Example 2: If possible, evaluate the following definite integrals and ascertain if
they are convergent or divergent.

b

o | s \/36 ¥ b6 3\)‘9‘73?*

zb
b->6 ¥=3
. o .3
- )l’lﬂ (a,(c‘sln "6' - afcsS\o Z >
vb»éd
D L ) .,.j_ 3 I
TARCSER | - afedo 2z > T Bz:, . z
P VO
o dx
b. L xlnx
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dx
Consider o where p is a real number. Let's find the indefinite integral on

1. p=0 2. p#1 3. p=1

Example 3: Determine all values of p for which the improper integral converges.
© dx

lxp
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THEOREM: A SPECIAL TYPE OF IMPROPER INTEGRAL

1
odx |——> p>1
= =!p-1

1 .
diverges, p <1

Example 4: If possible, evaluate the following definite integrals and ascertain if
they are convergent or divergent.

o dx

b. LOO x " dx
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9.1: Sequences
When you finish your homework you should be able to...

n Identify the terms of a sequence, write a formula for the nth term of a
sequence, and ascertain whether a sequence converges or diverges.
n Use properties of monotonic sequences and bounded sequences.

WARM-UP: Consider the function f(x) = \/;

1. Sketch the graph of the function.

2. Find the following:

a. f(0)=__ c. f(2)=___ e. f(4)=___
b. f()=___ d f(3)=___ f.S(5)=___
g lmfr=_ e

h limvx = j. limyx =

Cox—ol

3. Now consider a, = \/;
4. Find the following:

a. a, = C. 4y = e as=
b.a,=__ a,=__
Hmmm...so it looks like equals at all of the
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5. Sketch the graph of the sequence.

Definition of the Limit of a Sequence

Let L be a real number. The of a sequence is
written as

lima, =L

n—»o0

if for £>0, there exists M >0 such that |a, —L|<& whenever 1> M . If the

limit L exists, then the sequence . If the limit does not

exist, then the sequence

Looking at the two graphs we sketched, as it looks like

. So, we would say the %Ln(}o a, . and

. ________________________________________________________________________________________________________|
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EXAMPLE 1: Write the first five ferms of the sequence.

3n 1 ,
a. an:n+4 b. & =6, ak+1:§ak

FACTORIALS are factors which decrease by one. So 5!, read as "five factorial” is

5 = = . We will be working with unknown factorials.

In general, nl = ,and Ol =

EXAMPLE 2: Simplify the ratio of factorials.

n! (2n+2)!
* (n+2)! b (2n)!

. ________________________________________________________________________________________________________|
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EXAMPLE 3: Find the nth term of the sequence.

1 1
a L=, e
26 24120

11 11 1 1
’ b. 533445567

Theorem: Limit of a Sequence

Let L be a real number. Let f be a function of a real variable such that

If {a,} isa sequence such that f (n)=a, for every positive integer n, then

EXAMPLE 4: Find the limit of the sequence, if it exists.

2
a a,=6+— b, , =C0S—
n n
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Theorem: Properties of Limits of Sequences

n—>0

1. lim(a,+b,)=

n—»0

2. limca,=___ ,¢ isany number.

n—>0

3. lim(a,b,)=

4 lim(a_"J: ) and
* n—oo bn D ——

EXAMPLE 5: Determine the convergence or divergence of the sequence with the
given nth term. If the sequence converges, find its limit.
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Absolute Value Theorem

For the sequence {an} ,if

lim|a,|=0 then

n—>0

Squeeze Theorem for Sequences

If lima, =L = ’1113}0 b,and there exists an integer N such that

n—>0

then

EXAMPLE 6: Show that the sequence converges and find its limit.

c, :(—1)

1

n!
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Definition: Monotonic Sequence

A sequence {an} is when its ferms are

a,sa,<a;=---<a,<-or whenits terms are nonincreasing

Definition: Bounded Sequence

1. A sequence {an} is above when there is a real number

such that a, <M for all . The number is called an

of the sequence.

2. A sequence {an} is bounded when there is a real number

such that N <a,for all . The number is called a

bound of the sequence.

3. A sequence is when it is bounded

and below.

Theorem: Bounded Monotonic Sequences

If a sequence {an} is and it

. ________________________________________________________________________________________________________|
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EXAMPLE 7: Determine whether the sequence with the given nth term is
monotonic and whether it is bounded.

cosn
a =

n

n

EXAMPLE 8: Fibonacci posed the following problem: Suppose that rabbits live
forever and that every month each pair produces a new pair which becomes
productive at age 2 months. If we start with one newborn pair, how many pairs of
rabbits will we have in the nth month?
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9.2: Series and Convergence
When you finish your homework you should be able to...

n Understand and represent a convergent infinite series.
1 Use properties of infinite geometric series.
n Use the nth term test for divergence.

We spent the last section checking out , and ascertaining
whether a given sequence ,q, or

as . Remember, the of a sequence are
represented as a or , which need not be ordered. There are
finite and sequences. What if we were interested in

a sequence? If we are interested in summing a finite number,

say n, of the of a sequence, we would be finding the

. If we are interesting in finding the sum of an

infinite sequence, if it exists, we would be finding an sum, called
an infinite ,or justa
Our main interest will be to ascertain whether a series or
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EXAMPLE 1: Consider the sequence we found above.

a. Write the first five terms, and the nth term of the sequence.

b. Sum the first five terms.

c. Represent this 5™ partial sum as a summation.

d. Find the limit of the sequence.
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e. Find an expression for the nth partial sum.

f. What must the limit of this expression equal?
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Definition: Convergent and Divergent Series

For the infinite series Z_;an , The sum is
If the sequence of partial sums {Sn} to S , then the series
Z da .. S .

— " converges. The limit O is called the of the

If {Sn} diverges, then the series

So from our first example, S= , and this series

since the sum

GEOMETRIC SERIES:

Theorem: Convergence of a Geometric Series

A geomeftric series with converges to the sum
when . Otherwise, for , the series
diverges.
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EXAMPLE 2: Express the number as a ratio of integers.

0.46
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1

EXAMPLE 3: Show that the series Z_; n( nt 2) is convergent and find its sum.

NOTE: The series in example 3 is called a series.
. ________________________________________________________________________________________________________|
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EXAMPLE 4: Show that the series Z; diverges.
n=1

NOTE: The series in example 4 is called a series.

Theorem: Properties of Infinite Series

Let Zan and an be convergent series, and let 4, B, and ¢ be real numbers.

n=1 n=l1

If Zan =4 and an =B then the following series converge to the indicate
n=l1

n=1

sums.

n=l1

. D.ca, = 2, ZI: a,+b)=___ 3 > (a,-b)=___
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EXAMPLE 5: Determine the convergence or divergence of the series. If the
series converges, find its sum.

= 1+2"
>

n=l1

. ________________________________________________________________________________________________________|
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Theorem: Limit of the nth Term of a Convergent Series

If Zan converges, then
n=l1

Theorem: nth Term Test for Divergence

If hman G O, then Zan

n=1

EXAMPLE 6: Determine the convergence or divergence of the series. Explain.

[ 0]
a Z arctan n

n=1
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Z( 3)nl
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CREATED BY SHANNON MYERS (FORMERLY GRACEY) 77



EXAMPLE 7: Find all values of x for which the series converges. For these values
of x,write the sum as a function of x.

o5

EXAMPLE 8: A ball is dropped from a height of 16 feet. Each time it drops /
feet, it rebounds 0.81/ feet. Find the total distance traveled by the ball.

. ________________________________________________________________________________________________________|
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9.3: The Integral Test, P-Series, and Harmonic Series
When you finish your homework you should be able to...

1 Use the Integral Test to ascertain whether an infinite series converges or
diverges.

n Determine whether a p-series converges or diverges.

n Use properties of harmonic series.

WARM-UP: Determine whether the improper integral converges or diverges.
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Theorem: The Integral Test

If fis , , and for
x2>1and a, =f(n),’rhen

Either both or both

***NOTE: Our interest is whether the series converges or diverges as ,
so the index of the summation can start at some integer as opposed to a
when we apply the integral fest.

EXAMPLE 1: Determine the convergence or divergence of the series. Explain.
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~n*+2n° +1
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P-Series and Harmonic Series

A harmonic series is the of sounds represented by

waves in which the of each sound is an

multiple of the frequency. Pythagoras and his students
discovered this relationship between the and the of the

vibrating string. The most beautiful harmonies seemed to correspond with the

simplest of numbers. Later mathematicians developed

this idea into the series, where the in the

harmonic series correspond to the node ona string that

produce of the fundamental frequency. So, is
the fundamental frequency, is

times the fundamental frequency, and so on. In music, strings of the same

, and , and whose
form a harmonic series, produce tones. A
general harmonic series is of the form
The harmonic series is a special case of the , Where
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Theorem: Convergence of p-Series

The p-series

for ,and for

EXAMPLE 2: Determine the convergence or divergence of the series. Explain.

. ________________________________________________________________________________________________________|
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9.4: Series Comparison Tests
When you finish your homework you should be able to...

n Use the Direct Comparison Test to ascertain whether an infinite series
converges or diverges.

1 Use the Limit Comparison Test to ascertain whether an infinite series
converges or diverges.

WARM-UP: Determine whether the series converges or diverges.

. ________________________________________________________________________________________________________|
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Our Tests So Far...

nth Term Test for If , the series
 If , we need to further
I
Geometric Series is of the form  If
the series and its is

Otherwise, the series diverges.

Telescoping Series. Requires

decomposition. The is the sum of the terms which do not
out plus
p-Series is of the form If , The series
If , the series
The Integral Test requires that is , continuous, and

for x>1,and f(n)=a, forall n.If

converges, converges. Otherwise, diverges.

. ________________________________________________________________________________________________________|
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Theorem: The Direct Comparison Test

Let forall n.

1. If an , converges.
i=1

2. 1F 24 2.0,

EXAMPLE 1: Determine the convergence or divergence of the series. Explain.

S
a X
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Theorem: The Limit Comparison Test

If , , and

where L is and , then

Zan and an either both or both
i=1 i=1

NOTE: When choosing your comparison, you can disregard all but the

Jn

powers of . So, if we are testing Z <507 40 our

comparison series would be =

Proof:

. ________________________________________________________________________________________________________|
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EXAMPLE 2: Determine the convergence or divergence of the series. Explain.

)
0@ Xy

~n*+2n° +1

. ________________________________________________________________________________________________________|
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“ 1+sinn
b, 2 1o
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9.5: Alternating Series
When you finish your homework you should be able to...

1 Use the Alternating Series Test to ascertain whether an infinite series
converges or diverges.

1 Use the Alternating Series Remainder to approximate the sum of an
alternating series.

n Classify a convergent series as conditionally convergent or absolutely
convergent.

WARM-UP: Determine whether the series converges or diverges.

- (1)
e
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Theorem: Alternating Series Test

n+l

Let . The alternating series Z_;(_l)n 4, and Z_;(_l) a,

converge when both conditions below are met.

1. 2. , foralln.

NOTE: The second condition can be modified to require that
for all greater than some integer

EXAMPLE 1: Determine the convergence or divergence of the series. Explain.

- (=)'
0 2 0

n=0 (2
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e - 1-3~5-7---(2n—1)
1)
e. Z( ) 1,4.7.1()...(3;1—2)

n=1

. ________________________________________________________________________________________________________|
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Theorem: Alternating Series Remainder

If a convergent alternating series satisfies the condition a,,, < a,, then the

value of the involved in
approximating the sum by is less than or equal to the first
term.

EXAMPLE 2: Approximate the sum of the series by using the first six terms.

SO

n=1
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EXAMPLE 3: Determine the number of terms required to approximate the sum of
the series with an error of less than 0.001.

& (1)
2 (2n)!

n=l1

Theorem: Absolute Convergence

If the series converges, then the series also converges.

Which of our examples would be an example of this theorem?
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Definition of Absolute and Conditional Convergence

1. The series Zan is convergent when
converges.

2. The series Za,, is convergent when
converges but diverges.

EXAMPLE 4: Determine whether the series converges absolutely or conditionally,
or diverges.

. 3E

n=0 €
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b, i (—1)"+1 arctan n

n=1
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sin (2n +1)72Z

n=1 n
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9.6: The Ratio and Root Tests
When you finish your homework you should be able to...

n Use the Ratio Test to ascertain whether an infinite series converges or
diverges.

1 Use the Root Test to ascertain whether an infinite series converges or
diverges.

n Review Tests for convergence and divergence of an infinite series.

Theorem: The Ratio Test

Let Zan be a series with terms.
1. The series Zan converges when
2. The series Zan diverges when or
3. The Ratio Test is when

EXAMPLE 1: Determine the convergence or divergence of the series using the
Ratio Test.

32

n=0 \ €
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& ()" (n+2)
c. Z n(n+1)
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Theorem: The Root Test

1. The series Zan converges when

2. The series Zan diverges when or

3. The Root Test is when

EXAMPLE 2: Determine the convergence or divergence of the series using the
Root Test.
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CREATED BY SHANNON MYERS (FORMERLY GRACEY) 108



n

n—2
m\Sn+1
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“(Inn
CZT

n=1
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NOW IT'S UP TO YOU!lIl DETERMINE WHETHER THE FOLLOWING
INFINITE SERIES CONVERGE OR DIVERGE

2 1.3:5-7-+(2n-1)
L ;2-5-8-11---(3n—1)

Step 1: Identify the test(s) and conditions (if applicable).

Step 2: Run the test.

Step 3: Conclusion.
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, ZM

o n+1

Step 1: Identify the test(s) and conditions (if applicable).

Step 2: Run the fest.

Step 3: Conclusion.
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3 i#
' n=1 \/n3+3n

Step 1: Identify the test(s) and conditions (if applicable).

Step 2: Run the test.

Step 3: Conclusion.

. ________________________________________________________________________________________________________|
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3-5-7-(2n+1)

4 2 g 8" n1(2n 1)

n=1

Step 1: Identify the test(s) and conditions (if applicable).

Step 2: Run the fest.

Step 3: Conclusion.
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o0 n n
J 2(%)

Step 1. Identify the test(s) and conditions (if applicable).

Step 2: Run the test.

Step 3: Conclusion.
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Step 1: Identify the test(s) and conditions (if applicable).

Step 2: Run the fest.

Step 3: Conclusion.

. ________________________________________________________________________________________________________|
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Step 1: Identify the test(s) and conditions (if applicable).

Step 2: Run the test.

Step 3: Conclusion.
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8. i arctann

n=l1

Step 1: Identify the test(s) and conditions (if applicable).

Step 2: Run the fest.

Step 3: Conclusion.
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Step 1: Identify the test(s) and conditions (if applicable).

Step 2: Run the test.

Step 3: Conclusion.
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[o'e] 21’1
10. Z an?—1

n=I

Step 1. Identify the test(s) and conditions (if applicable).

Step 2: Run the test.

Step 3: Conclusion.
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9.7: Taylor Polynomials
When you finish your homework you should be able to...

n Find Taylor and Maclaurin polynomial approximations of elementary
functions.
1 Use the remainder of a Taylor polynomial.

Some uses of the Taylor series for analytic functions include:

e The of the series can be used as

of the entire function. Keep in mind that you

need a sufficient amount of

. and of power series
is since it can be done by term.

. operations can be done on the
series . For example, formula
follows from Taylor series for
and functions. This result is important in the field
of analysis.

. using the first few terms of a Taylor series can
make otherwise problems possible for a restricted
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domain. This is often used in

To find a function ____ that

another function ___, we choose a number ____in the of

at which . This approximating is said to

be about or at . The evil

plan is to find a polynomial whose looks like the graph of _____
this point. If we require that the of the polynomial

function is the as the slope of the at , then we

also have . Using these two requirements we can get a

approximation of
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EXAMPLE 1: Consider f(x):i
x+1°
a. Find a first-degree polynomial function B (x)=a, +ax whose value and

slope agree with the value and slope of f at x=0.
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b. Now find a second-degree polynomial function £, (x)=a, +ax+a,x* whose
value and slope agree with the value and slope of f at x=0.

x 08 02 01 0 0.1 02 1.0
X
el 4 025  -01l1 O 00909 016667 05
P, (x)
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c. Let's go for a third-degree polynomial function B (X) = a, +a,x+a,x* +a,x’

whose value and slope agree with the value and slope of f at x=0.

x 08 02 01 0 0.1 02 1.0
X
el 4 025  -01l1 O 00909 016667 05
B (x)
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Definition of nth Taylor and nth Maclaurin Polynomial

If f has nderivatives at C, then the polynomial

is called the polynomial for at
If , Then
is also called the polynomial for :

Remainder of a Taylor Polynomial

To the of approximating a function

value by the Taylor polynomial , we use the concept of a

. ________________________________________________________________________________________________________|
CREATED BY SHANNON MYERS (FORMERLY GRACEY) 127



EXAMPLE 2: Consider the function f(x) = x’cosx,

a. Find the second Taylor polynomial for the function f(x) = x" cosx centered
at 7.

T
b. Approximate the functionat * = Y using the polynomial found in part a.
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Taylor's Theorem

If a function f is differentiable through order 7 +1 inan interval I containing €|
then, for each X in I, there exists z between X and C such that

where

A of this theorem is that

where is the value of
between and

For we have

Does this look familiar?
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EXAMPLE 3: Use Taylor's Theorem to obtain an upper bound for error of the
approximation. Then calculate the exact value of the error.
2 3 14 15
exl+l+—+—+—+—
21 31 41 5!
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EXAMPLE 4: Determine the degree of the Maclaurin polynomial required for the
error in the approximation of the function at the indicated value of x to be less
than 0.001.

cos(0.1)

. ________________________________________________________________________________________________________|
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9.8: Power Series
When you finish your homework you should be able to...

n Find the radius and interval of convergence of a power series.
n Determine the endpoint convergence of a power series.
n Differentiate and integrate a power series.

WARM-UP: Find the sixth-degree Maclaurin polynomial for f(x) =e"

This enables us to be able to the function

hear . We found out that the higher the of the
approximating , The better the approximation becomes.
In this section, you'll see that several important can be
represented by series.
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Definition of Power Series

If Xis a variable, then an infinite series of the form

is called a series at , where isa
constant.

If a power series is at , the power series will be of the
form

EXAMPLE 1: Find the power series for f(x) =¢"  centeredat x=0,
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Radius and Interval of Convergence

A power series in can be thought of as a of

The of is the of all for which the power
series . Every power series converges at its

Therefore, is always in the of . The domain of a

power series can take on any one of the following forms:

A
\ 4

an

A

v

the of numbers

A
v
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Theorem: Convergence of a Power Series

For a power series centered at C, precisely one of the following is true:

1. The series converges only at
2. There exists a number such that the series converges

for and diverges for

3. The series converges absolutely for

Endpoint Convergence

Each must be for or
. This results in possible forms an
of can take on.

o
A
v

A
v

A
v

A
v
A
v
A
v
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Example 2: Find the radius and interval of convergence (including a check for
convergence at the endpoints) of the following power series.

0 (2%)

n=0
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Theorem: Properties of Functions Defined by Power Series

If the function
has a radius of convergence of , then, on the interval
fis and thus . The derivative and

antiderivative are given below:

1.

The radius of convergence of the series obtained by

or a power series is the as that of

the power series. What may change is the

of convergence.

CREATED BY SHANNON MYERS (FORMERLY GRACEY) 139



0 ” 2n+1 0 ” 2n
Example 3: Let S (x Z 2 +1)! and &(% Z

n= n=0

a. Find the interval of convergence of f .

b. Find the interval of convergence of &.
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c. Show that f'(x) = g(x).

d. Show ThaTg'(x)=—f(x).
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e. Identify the function f .

f. Identify the function g.

Example 4: Write an equivalent series with the index of summation beginning at
n=1.

o 21" (n+1)w L s

n=0
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CREATED BY SHANNON MYERS (FORMERLY GRACEY) 142



9.9: Representing Functions as Power Series
When you finish your homework you should be able to...

n Manipulate a geometric series to represent a function as a power series
n Differentiate or integrate a geometric series to represent a function as a
power series.

0 3 n
WARM-UP: Find the infinite sum of the convergent series ZS(_Z] :
n=0

1
Now consider the function f(x) = T—x-
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1
This represents f(x) = 1T—x only on the interval from

. What is the domain of f?

How would we represent f on another interval? We must develop a

which is at a different

value.
1

Example 1: Find the power series for f(x)= 1—+ centered at ¢ =-2.
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2

T5-x
centered at O, (a) by manipulating the function into the format of a geometric
power series and (b) by using long division.

Example 2: Find a geometric power series for the function J (x)
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Example 3: Find a power series for the function, centered at ¢, and determine
the interval of convergence.

a. f(x)=2 ’ & c=2
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Operations with Power Series

Let f(x Za X" and &(* Zb X" be power series centered at O.
n=0
1. f(kx) :Zanknxna where is a
n=0
f(XN)= a,x"", where is a
n=0
3. f(x)rg(x)=2(a,=
n=0
Note: These operations can change the of

for the resulting series.

Example 4: Find a power series for the function, centered at ¢, and determine
the interval of convergence.

a. f(x)= > c=0

5+x2°
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b
I+ x
a. Find a power series for f, centered at O.

1 o
and g(X)=—=ZX :

Example 5: Consider the functions f(x)=

b. Use your result from part a to determine a power series, centered at O, for
X 1 1

the function h(x) — 2 1 2(1+x) 2(1—x) . Identify the interval of

X

convergence.
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c. Use your result from part a to determine a power series, centered at O, for

2
the function 7 (¥)= (x+1) - Identify the interval of convergence.
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d. Use your result from part a to determine a power series, centered at O, for

the function s(x)= ln(l —xz) . Identify the interval of convergence.
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9.10: Taylor and Maclaurin Series
When you finish your homework you should be able to...

n Find a Taylor series or a Maclaurin series for a function.
n Find a binomial series.
n Use a basic list of Taylor series to derive other power series.

WARM-UP: Find the 8™ degree Maclaurin polynomial for the function
f(x)=cosx,

Now let's see if we can form a power series!

What about that interval of convergence?

. ________________________________________________________________________________________________________|
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Theorem: The Form of a Convergent Power Series

|
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Definition of Taylor and Maclaurin Series

If a function f has derivatives of all orders at x =c, then the series

is called the series for at CIf

then the series is the series for

Example 1: Find the Taylor series, centered at ¢, for the function.
a. f(x)ze“‘x, c=0
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Theorem: Convergence of Taylor Series

If ImR =0 for qll xin the interval I, then the Taylor series for f converges

n—»0

and equals f(x).

Example 2: Prove that the Maclaurin series for f(x) = COS X converges to f(x)
forall x.
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Binomial Series

k
Let's check out the function f(x) = (1+X) , where k is a rational number. What

do you think the Maclaurin series is for this function? Guess what..YOU KNOW
HOW TO FIND ITlll So, on your mark, get set, GO!

1. f(x) a bunch of times and evaluate each

at . Evil plan: a
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2. Determine the of ..Don't forget

to test the I
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Guidelines for Finding a Power Series

1. A (x) and each
at until you find a
2. Form the coefficient , and
determine the of convergence for the
series.
3. Determine whether the series to within
the interval of convergence.

Example 3: Find the Maclaurin series for the function using the binomial series.
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b, f(x)=A1+x"

. ________________________________________________________________________________________________________|
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A Basic List of Power Series for Elementary Functions

FUNCTION INTERVAL
OF
CONVERGENCE
B O<x<?2
o=
n —-l1<x<l1

L:1—x+x2—x3+x4—x5+---+(—1) X"+ *
I+x
Inx= O0<x<2
. 2 e K" —0 <X <
e =l+x+—+—+—+—++—+

21 31 41 5! n!

x3 x5 x7 (_1)” x2n+1 —0< X <0
SIMx=x——+———

31 51 7 (2n+1)!

2 x4 x6 (_1)" x2n —0 <X <0
cosx=l-—+———

21 4! 6! (Zn)!
arctan x = —-1<x<1
arcsin x = —-1<x<1

k(k-1)x> k(k-1)(k-2)x° —I<x<I®

(1+x)" =1+ kx+ ( 2')x + ( )3(' )x +oe

*convergence at endpoints depends on &
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Example 4: Find the Maclaurin series for the function using the basic list of
power series for elementary functions.

a. f(x):ln(1+x2)

b. f(x) =e +e”
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c. f(x)=cos’x
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d. f(x) = XCOSX
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Example 5: Find the first four nonzero terms of the Maclaurin series for the
function f(x)=e"In(1+x).
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Example 6: Use a power series to approximate the value of the integral with an
error less than 0.0001.

1/2 5
IO arctan x“dx
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7.4: Arc Length and Surfaces of Revolution
When you finish your homework you should be able to...

n Find the arc length of a smooth curve.
n Find the area of a surface of revolution

Arc length is approximated by infinitely many

A curve is one which has a arc length. A

sufficient condition for the graph of a function __ to be rectifiable between
and isthat _ becontinuouson . A

function of this type is considered to be differentiable

on and its graph on the interval is a
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Definition of Arc Length

Let the function represent a smooth curve on the interval
The arc length of between and is

For a smooth curve on the interval the arc length of
between and is
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EXAMPLE 1: Find the arc length from (—3,4) clockwise to (433) along the circle

x* "‘yz =25 . Show that the result is one-fourth the circumference of a circle.
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Definition of Surface of Revolution

When the graph of a continuous function is about a the

resulting surface is a of

Definition of the Area of a Surface of Revolution

Let the function have a continuous derivative on the interval

. The area of the surface of revolution formed by revolving the

graph of about a horizontal or vertical axis is

where is the distance between the graph of and the axis of revolution,

If on the interval then the surface area is

where is the distance between the graph of and the axis of revolution,




EXAMPLE 2: Find the area of the surface generated by revolving the curve
¥ =9—-x" about the y-axis.
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10.1: Conics and Calculus
When you finish your homework you should be able to...

n Use properties of conic sections to analyze and write equations of parabolas,
ellipses, and hyperbolas.

n Classify the graph of an equation of a conic section as a circle, parabola,
ellipse, or hyperbola.

n Find the equations of lines tangent and normal fo conic sections

The graph of each type of section can be described as the

intersection of a plane and two identical which are connected at

their vertices.

parabola

A parabola is the set of all

that are

from a fixed line

called the and a fixed

point called the
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Theorem: Standard Equation of a Parabola

The standard form of a parabola with vertex and directrix
is

Vertical axis

The standard form of a parabola with vertex and directrix
IS

Horizontal Axis

The focus lies on the axis units from the vertex. The coordinates of the
focus are

Vertical axis

Horizontal Axis
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0.

a. Find the vertex, focus, and the directrix of the parabola and sketch its
graph.

EXAMPLE 1: Consider »° +6y+8x+25

X
_|||_--u--..-."--.--ﬁ-..-).ﬁuu_un_ﬂuu_uu_un_ﬂuu_uuu
1 1 1 1 1 1 1 1 1
ST R R R L EETPE e e R et EE Rt
1 1 1 1 1 1 1 1 1
Tl..||"||_.||"||_||m||.||-|+||_||"||..||T|"|||.||"
1 1 1 1 1 1 1 1 1
R e R 7 b G oET B
1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1
R R R e e EEY
1 1 1 1 1 1 1 1 1
_||T||"||_||"|||.||"||+||||"||..||"||T||.||"||.-.||"
1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1
o i T e i 1 i et i T
1 1 1 1 1 1 1 1 1
_||-I|L—||_||“l||-||"||.-||||"|||-||"||-I||-||"||.-||"
! 1 _.w 1 ! 1 ! 1 ! 1 ! b !

1 T T 1 1 - 1 V
1 1 1 1 1 1

1 1 1 1 1 1 1
ORI T N N N
1 1 1 1 1 1 1 1 1
_||-I|L—||_||“l||-||"||.-||||"|||-||"||-I||-||"||.-||"
1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1
oo bbb
1 1 1 1 1 1 1 1 1
e b RE TR L T SRR T ST T S R
1 1 1 1 1 1 1 1 1
Tl..||"||T||"||_||m||.|.l +||_||"||..||T|"|||.||"
1 1 1 1 1 1 1 1 1

1

TR T SO AU JUNL U R ST WU TR PN R,
1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1
r=a----r-d--r-t-q-chpt--m-b-a--p -t o -
1 1 1 1 1 1 1 1 1
_ll—lll_ll_ll-lll_l I-IIL.I(I-"L"-"—I'L' |_||h.||_
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b. Find the equation of the line tangent to the graph at x
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An ellipse is the set of all the sum of

whose distances from two distinct fixed points called is

constant.

Theorem: Standard Equation of an Ellipse

The standard form of the equation of an ellipse with center and

major and minor axes of lengths and , Where , i

Major Axis is Horizontal

or

Major Axis is Vertical

The foci lie on the major axis, units from the center, with




Theorem: Reflective Property of an Ellipse

Let be a point on an ellipse. The tangent line to the ellipse at point

makes angles with the lines through and the

Definition of Eccentricity of an Ellipse

The of an ellipse is given by the ratio

For an ellipse that is close to being a , The foci are close to
the and the is close
to An ellipse has foci which are close
to the and the is close to .
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0.

Find the center, foci, vertices, and eccentricity of the ellipse and sketch its

EXAMPLE 2: Consider 16x” +25y” —64x+150y+279

graph.

X
_|-..--u--_||."||_|J_.||_|>J_.||_||_1||_--.--.ﬂuu_uuu
1 1 1 1 1 1 1 1 1
ST EEEE R EEEETEE Bt Se R PRI AT R B
1 1 1 1 1 1 1 1 1
_.|..||"||_.||"||T|+||.||-|+||_||"||..||_||"|||_||"
1 1 1 1 1 1 1 1 1
B Tz [y Rps Jt gy .
1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1
R R et R EE AT

1 1 1 1 1 1 1 1 1
_||T||"||_||"|||.||"||+||||"||..||"||T||.||"||+||"

1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1
.|||_||"||_||."||_||.".||.||.|.".||_||".||_||_||".||_||"

1 1 1 1 1 1 1 1 1
-||-I|I—||—||—l||—||"||.-||||"|||-||"||1||-||"||.-||"

"A“ ; _..w L T T
1 1 1 1 1 - T V

1 1 1 1 1 |
1 1 1 1 1 1 1
1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1
-||-I|I“||_||“l||-||"||.-||||"|||-||"||1||-||"||.-||"

1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1
o koo b

1 1 1 1 1 1 1 1 1
e o B e R aEE

1 1 1 1 1 1 1 1 1
Tl..||"||T||"||T|+||.|.I +||_||"||..||T|"|||.||"

1 1 1 1 1 1 1 1 1
[N 1 1 1
[T T RN I JRL U NP Ea ST U TR DU R,

1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1
r=1----r-d--r-t-q-gfpt-mm-t-amormboam !

1 1 1 1 1 1 1 1 1
| [y S |_ -l - _| -] - |_| - |<| _I -d - I_I -l - I-I - - I-
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EXAMPLE 3: Find an equation of the ellipse with vertices (0,3) and (8,3)and

eccentricity 7.
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A hyperbola is the set of all for which the

absolute value of the difference between the distances from two distinct fixed

points called is constant. The line

connecting the vertices is the , and the
of the transverse axis is the of the

hyperbola.

Theorem: Standard Equation of a Hyperbola

The standard form of the equation of a hyperbola with center
5

Transverse Axis is Horizontal

or

Transverse Axis is Vertical
The vertices are units from the center, and the foci are units from the
center with
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Asymptotes of a Hyperbola

Transverse Axis is Horizontal

Theorem

or

Transverse Axis is Vertical

Consider

EXAMPLE 4

using asymptotes.

1
1
1
e
1

T-

1
1
1
Lo
1
1
4. -

1
e
1
1
.- -
1
]

- -

e

1
[
1
--f-4--
I

J; - =.b [ R

1
B L L SRS

1
1
-
1
a---T
1
(S
1
1

-

'
1
--r-
1
P
1
1
v
1
1
[ -
O
1
--t-
1
-
1
==L

1
-l
1
]
i
1
-r
1
4. -

1 1
- P s ekl e
1 1 '

/SR | N M [ S
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b. Find equations for the tangent lines to the hyperbolaat x =4,

c. Find equations for the normal lines to the hyperbola at x =4
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EXAMPLE 4: A cable of a suspension bridge is suspended in the shape of a
parabola between two towers that are 120 meters apart and 20 meters above the
roadway. The cable touches the roadway midway between the two towers.

a. Find an equation for the parabolic shape of the cable.

b. Find the length of the cable.
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10.2: Plane Curves and Parametric Equations
When you finish your homework you should be able to...

n Sketch the graph of a curve given by a set of parametric equations.
n Eliminate the parameter in a set of parametric equations.
n Find a set of parametric equations to represent a curve.

We currently use a equation involving variables to
represent a . This tells us an object has
been but it doesn't tell us the object was at a given

. To determine this ,we introduce a third variable, ___, called
a . Using two equations to represent each ___and _as
functions of __ gives us

Definition of a Plane Curve

If and are continuous functions of on an interval , then the
equations

are equations and is the . The set of
points obtained as varies over the interval is the

of the parametric equations. Taken together, the

equations and the are a

. ________________________________________________________________________________________________________|
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41

27y

t*+1

indicate the orientation.
Yy

a. Sketch the curve represented by the parametric equations. Be sure to
x =2t

EXAMPLE 1: Consider x

184

X

_|||_||||_|| ||_|| ||_ ||||| _II ||_||_|| ||_||
1 1 " 1 l" 1 .“- 1 .“. 1 _ﬂ 1 1 -1 1 "
B R e s e R EEIEE EEEE S B

1 1 1 1 1 1 1 1 1
Tl..||"||T||"||T|+||.||||+||_||"||..||T|"|||.||"

1 1 1 1 1 1 1 1 1
1 1 1 1 1
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1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1
e R it s T e e e e il

1 1 1 1 1 1 1 1 1
_||_.||"||_||"|||.||"||+||||"||..||"||T||.||"||+||"

1 1 1 1 1 1 1 1 1
e iy o e

1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1
_||—I|L_||_||“l||-||"||._-||||"||l_||"||—|||_||"||._-||“
y_ 1 1 ! 1 ! 1 ! 1 ! r 1 ! 1

1 ! ! 1 ! 1 ! 1 ! 1 - ! 1
1 1 1 1 1 1 1
1 1 1 1 1 1 1
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_I|—llL_||_||“l||-||u||._-||||"||l_||"||—l||-||"||._-||“

1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1
1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1
B R e o aEEECEIEEL EEEE S B

1 1 1 1 1 1 1 1 1
Tl..||"||T||"||T|+||.|.I ¢||_||"||..||T|"|||.||"
1 1 1 1 1 ' 1 | 1 1 1 1 |
T T A . S T S S T

1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1
R R e ey P P R By

1 1 1 1 1 1 1 1 1
_||_l||_||_||—|||_||_|| |<|—||I—||_||_I|L||—|| ||_

b. Write the corresponding rectangular equation by eliminating the parameter.
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EXAMPLE 2: Consider x =cos@, y=2sin20

a. Use your graphing calculator to sketch the curve represented by the
parametric equations. Be sure to indicate the orientation.

b. Write the corresponding rectangular equation by eliminating the parameter.
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indicate the orientation.

a. Sketch the curve represented by the parametric equations. Be sure to
x=-24+3cosf y=-5+3sind

0

EXAMPLE 3: Consider x=—2+3cos@, y =—5+3sin0

X
IR R R R EERl’ WL EE R R EERELEE Ry
1 1 1 1 1 1 1 1 1
R R e R R Lt FEELIEEY P
1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1
1 1
I cLcgedlecpode -l dmey o oo Lo do Lo
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_||_.||"||_||"|||.||"||+||||"||..||"||..||.||"||+||"
1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1
T e e e e [ s B e T
1 1 1 1 1 1 1 1 1
_||—l|L_||_||“l||_||"||._-||||"||l_||"||—|||-||"||._-||“
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1 1 1 1 1 - 1 v
1 1 1 1 1 1
1 1 1 1 1 1 1
"|||"||_||"||..||"||+||"||-|+||"||..||"||le..||"||_
1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1
R bt T e T B L ECoEr o
1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1
1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1
R R e R e PP EEEEY PR LY B
1 1 1 1 1 1 1 1 1
_.|._||"||_.||"||T|+||_|.l m||_||"||..||T|"|||_||"
1 1 1 1 1 1 1 1 1
[ ]
T Y T U A ol P N T N S T
1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1
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1 1 1 1 1 1 1 1 1
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b. Write the corresponding rectangular equation by eliminating the parameter.
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EXAMPLE 4: Consider x =e”' , V= e

a. Use your graphing calculator to sketch the curve represented by the
parametric equations. Be sure to indicate the orientation.

b. Write the corresponding rectangular equation by eliminating the parameter.
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EXAMPLE 5: Find a set of parametric equations for the line or conic.

a. Circle: Center (—6,2) , radius 4

b. Ellipse: Vertices (4.7),(4.-3), Foci: (4.5) ,(4,-1).
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10.3: Plane Curves and Parametric Equations
When you finish your homework you should be able to...

n Find the slope of a line tfangent to a plane curve.
n Find the arc length of a plane curve.
n Find the area of a surface of revolution given in parametric form.

Theorem: Parametric Form of the Derivative

If a smooth curve Cis given by the equations

then the slope of Cat is

EXAMPLE 1: Consider x =4cost, y=2sint 0<t<2r .

dy

a. Find a

b °d—y
.Fln dx2.
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c. Find all points (if any) of horizontal and vertical tangency to the curve.

d. Determine the open t-intervals on which the curve is concave downward or
concave upward.
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Theorem: Arc Length in Parametric Form

If a smooth curve Cis given by the equations and such

that C does not intersect itself on the interval , except possibly

at the endpoints, then the arc length of C over the interval is given by

NOTE: Make sure that the arc length is only once on the

intervallll

EXAMPLE 2: Find the arc length of the curve given by the equations x = arcsin?

1
and ¥ =Inv1-1> on the interval OStSE.
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. ________________________________________________________________________________________________________|
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Theorem: Area of a Surface of Revolution

If a smooth curve Cis given by the equations and such

that € does not intersect itself on the interval , then the area S

of the surface of revolution formed by revolving € about the coordinate axes is

given by

Revolution about the x-axis;

Revolution about the y-axis;

EXAMPLE 3: Find the area of the surface generated by revolving the curve given
by the equations x =5cosfand ¥ =35sinbon the interval 0< 0 < 7 about the y-
axis.
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EXAMPLE 4: A portion of a sphere of radius ris removed by cutting out a
circular cone with its vertex at the center of the sphere. The vertex of the cone
forms an angle of 20 . Find the surface area removed from the cone.
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10.4: Polar Coordinates and Graphs
When you finish your homework you should be able to...

n Convert between rectangular and polar coordinates.
n Sketch the graph of an equation in polar form.

n Find the slope of a line tangent to the pole.

n Identify special polar graphs.

Up to this point, we've been using the coordinate system to
sketch graphs. Now we will be using the coordinate system to
sketch graphs given in form. This form is very useful in the third
semester calculus course as it makes many definite easier to

evaluate after switching from rectangular to polar coordinates. The polar

coordinate system has a fixed point O, called the or

From the pole, an initial is constructe. This is called the

axis. Each point P in the plane is assigned coordinates in the form

represents the distance from to and

is the angle which is

from the polar axis to the segment . Unlike rectangular coordinates, each

point in polar coordinates does NOT have a representation. Can you

figure out another point in polar coordinates which would be equivalent to
___________________________________________________________________________________________________________________________________|
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(”,9)? How about (—’”,9"‘77)?

In general, the point (’”,9) can be

written as
56 _ b
.3 0
where ____is any integer. The pole
e s is represented by , where
sus” s
a3 503 is any angle.

3n/2

Theorem: Coordinate Conversion

The polar coordinates (” ,0 ) of a point are related to the rectangular coordinates

of the point as follows:

Polar-to-Rectangular Rectangular-to-Polar

______________________________________________________________________________________________________________________|
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EXAMPLE 1: Plot the point in polar coordinates and find the corresponding
rectangular coordinates for the point.

3n/2 3n/2

EXAMPLE 2: Find two corresponding polar coordinates for the point given in
rectangular coordinates.

. ________________________________________________________________________________________________________|
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EXAMPLE 3: Sketch the graph of the polar equation, and convert to rectangular

form.
a. r=—4
4r/3 5n/3
3n/2
S
0=—"—
b. 6

3n/2
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c. ¥r=3sinf

3n/2

d. r=cotfcscl

3r/2
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EXAMPLE 4: Convert the rectangular equation to polar form.

a. xz—yz =9

b xy =4
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Consider x=rcos@= f(0)cos@and y=rsind=f(0)sin0

Theorem: Slope in Polar Form

If f is a differentiable function of @, then the slope of the tangent line to the
graph of 7=/ (0)at the point (7.0) is

provided that at

HMMMMM_I guess that means...
dy dx

Solutions of = 0 yield tangents, provided —* 0
dx dy
Solutions of 7~ 0 yield tangents, provided #0
dy dx
If % =~V and % =0 simultaneously, then no conclusion can be drawn about
lines.

Theorem: Tangent Lines at the Pole
If f(Ol) =0 and f’(a) %0 then the line f(a):O is at the

to the graph of

. ________________________________________________________________________________________________________|
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, T
EXAMPLE 5: Consider ' = 2(1—5111 ‘9) . Hint: use ﬁfor the increment

between the values of 0.

a. Sketch the graph of the equation.

b. Find d

X
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c. Find all points (if any) of horizontal and vertical tangency to the curve.

d. Find the tangents at the pole.

. ________________________________________________________________________________________________________|
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EXAMPLE 6: Consider /(0)=8cos36

a. 6raph the equation by hand.

b. Find a

. ________________________________________________________________________________________________________|
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c. Find all points (if any) of horizontal and vertical tangency to the curve.

d. Find the tangents at the pole.

. ________________________________________________________________________________________________________|
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10.5: Area and Arc Length in Polar Coordinates
When you finish your homework you should be able to...

Find the points of intersection between polar graphs.
Find the area of a region bounded by a polar graph.
Find the arc length of a polar graph.

T
T
T
1 Find the area of a surface of revolution (polar form)

To find the points of of polar graphs, you merely

the of equations.

EXAMPLE 1: Find the points of intersection of the graphs of the equations
r=3(1+sin@)gnd r =3(1-sind)

. ________________________________________________________________________________________________________|
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The formula for the of a region is developed by

infinitely many of . Recall that the

area of a sector is

Theorem: Area in Polar Coordinates

If [ is continuous and nonnegative on the interval [a, 8] 0<B-a <27 then

the area of the region bounded by the graph of = f (9 ) between the radial lines
O=a and O=L is

0<p-a<l2r
I ——————————————————————
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EXAMPLE 2: Find the area of the region of one petal of 7 =4sin30 .

51/6

n/6

4n/3 5m/3
3r/2
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EXAMPLE 3: Find the area of the region of the interior of 7 =4—4cos0.

72
2n/3 /3
3n/4 /4
6m/6 ‘ : . 6
NS0 %
R
5 A WA g

Tn/6 /6

5m/4 /4

4n/3 51/3
3r/2
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EXAMPLE 4: Find the area of the common interior of 7" = 2(1 +cosd ) and

r=2(1-cosd),

/2
2n/3 n/3
3n/4 /4
5n/6 ‘ : /6
ety
. R i 6
TR/
CLIRY
/6 Nn/6
Sn/4 In/4
4r/3 5n/3

3n/2
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Theorem: Arc Length of a Polar Curve

Let f be a function whose derivative is continuous on an interval @ <0< The
length of the graph of 7" = f(@) from 0=a to 0=F is

EXAMPLE 5: Find the arc length of the curve 7' = 8(1 +cosd ) over the interval
0<0<L2r.
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Theorem: Area of a Surface of Revolution

Let f be a function whose derivative is continuous on an interval @ <0< The

area of the surface formed by revolving the graph of 7 =/ (‘9 ) from 0 =a to
0 =p about

the polar axis is:

T

the line 0 :5 is:

EXAMPLE 6: Find the area of the surface formed by revolving the curve

T
r=6c0s6 about the polar axis over the interval 0<f< 5 -
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